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SMALL QUOTIENT MINIMAL LOG DISCREPANCIES
JOAQUI´N MORAGA
Abstract. We prove that for each positive integer n there exists a positive number ǫn so that n-dimensional
toric quotient singularities satisfy the ACC for mld’s on the interval p0, ǫnq. In the course of the proof, we
will show a geometric Jordan property for finite automorphism groups of affine toric varieties.
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1. Introduction
Given a Kawamata log terminal singularity, we can attach to it an invariant called the minimal log discrep-
ancy, or mld for short [Kol13]. This invariant, although easy to define, is really deep and its understanding
is closely related to the termination of flips [Sho04]. In this direction, one of the most challenging problems
is to prove that the minimal log discrepancies on a fixed dimension satisfy the ascending chain condition,
whenever the coefficients of the boundary belongs to a set with the descending chain condition. Further-
more, it is expected that accumulation points come from lower-dimensional minimal log discrepancies. This
conjecture is known as the ACC for mld’s. Alexeev and Shokurov proved the case of klt surface singulari-
ties [Sho91,Ale93]. Borisov and Ambro proved the case of toric pairs [Bor97,Amb06]. For a fixed germ and
boundaries with coefficients on a finite set, this is proved by Kawakita [Kaw14]. Nakamura proved the case
of three dimensional canonical singularitites [Nak16]. The case of a smooth point with a boundary is open
in dimension at least three [MN18]. The case of exceptional singularities was understood in [Mor18,HLS19].
Recently, Mallory proved the case of determinantal singularities [Mal19]. Even if some progress has been
made towards this conjecture, the case of quotient singularities is still open. At the same time, it’s been un-
derstood that small minimal log discrepancies are better behaved [Liu18]. Recently, some interesting results
have been obtained for minimal log discrepancies of 3-folds around one [Jia19,LX19]. In this article, we give
a positive answer to this conjecture in the case of small quotient minimal log discrepancies.
Theorem 1. Let n be a positive integer. There exists a positive integer ǫn satisfying the following. Consider
the set
Qmldn :“ tmldxpXq | x P X is a quotient singularity and dimpXq “ n u.
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Then, the set
Qmldn X p0, ǫnq
satisfies the ascending chain condition. Furthermore, the accumulation points of Qlmdn X p0, ǫnq are min-
imal log discrepancies of quotient singularities of dimension at most n ´ 1 with a boundary with standard
coefficients.
In the course of the proof, it will be clear that our sequence of real numbers ǫn converges to zero when n
goes to infinite. We expect that ǫ´1n behaves like n! asymptotically.
The proof of our main theorem has its roots in the study of the local topology of klt singularities. It is well-
known that the regional fundamental group of a klt singularity is finite [Xu14,TX17,Bra20]. In [BFMS20],
the authors proved that the regional fundamental group of a n-dimensional klt singularity is almost abelian
of rank at most n, i.e., it contains an abelian normal subgroup of rank at most n and index bounded
by Onp1q. The study of the regional fundamental group has important implications on the geometry of
klt singularities. For instance, the author proved that n-dimensional klt singularities with large abelian
subgroups of rank n in their regional fundamental group are close to being degenerations of toric quotient
singularities [Mor20a,Mor20b]. In this article, we show how the Jordan property can be used to understand
minimal log discrepancies.
Our first aim is to make an improvement of the Jordan property for GLnpKq to automorphisms groups of
affine toric varieties. Given an affine variety X and a point x P X , we denote by pX the local completion of
X at x. We denote by AutpX, xq (resp. Autp pX, xq) the automorphism group of X (resp. pX) which fixes x.
We prove the following geometric Jordan property for affine toric singularities.
Theorem 2. Let n be a positive integer. There exists a constant Npnq, only depending on n, which satisfies
the following. Let x P X be a n-dimensional affine toric variety and let G ă AutpX, xq be a finite subgroup.
Then, there exists a normal abelian subgroup A 6 G of index at most Npnq and rank at most n, so that
A ă Gnm 6 Autp pX, xq where Gnm is a maximal torus in Autp pX, xq.
If x P X is a smooth point, the above theorem follows from: Luna’s slice theorem, the Jordan property
for finite subgroups of GLnpKq, and the diagonalization of abelian actions. By [BFMS20], we know that any
finite group G acting on a klt germ will contain an abelian normal subgroup A of index bounded by Onp1q.
However, the new geometric part of the statement is that, in the germ of the singularity, we can realize A
as acting as a subgroup of a maximal torus. To prove the above theorem, we will translate some results
of [SMS19] about the automorphisms group of complete toric varieties to the local setting. Then, we will
use Cox rings [ADHL15] to reduce the problem to study weighted versions of GLnpKq. As a corollary, we
obtain the following projective statement.
Corollary 1. Let n be a positive integer. There exists a constant Npnq, only depending on n, which satisfies
the following. Let X be a n-dimensional projective toric variety and let G ă AutpXq be a finite subgroup.
Then, there exists a normal abelian subgroup A 6 G of index at most Npnq and rank at most n, so that
A ă Gnm 6 AutpXq where G
n
m is a maximal torus of AutpXq.
Using Theorem 2, and studying how finite automorphisms lift to toric blow-ups, we prove the following
factorization theorem of toric quotient singularities.
Theorem 3. Let n be a positive integer. There exists a constant ǫn, only depending on n, which satisfies the
following. Let x P pX,Bq be a n-dimensional toric quotient pair. Assume that mldxpX,Bq P p0, ǫnq. Then,
there exist two quotient morphisms of log pairs
z P Z Ñ y P pY,BY q Ñ x P pX,BXq
satisfying the following conditions:
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(1) Z Ñ Y and Y Ñ X are Galois quotients,
(2) Z is an affine toric variety,
(3) pY,BY q is formally toric at y,
(4) the degree of Y Ñ X is bounded by ǫ´1n , and
(5) mldypY,BY q “ mldxpX,BXq,
In particular, in the interval p0, ǫnq, all toric quotient minimal log discrepancies are toric minimal log dis-
crepancies.
See Definition 2.5 for the definition of formally toric pairs and Definition 2.38 for the definition of toric
quotient pairs. In the case that x P X is a quotient singularity, we can always assume that Z is the
affine space. In the above theorem, pX,Bq is the log quotient of an affine toric variety by a finite group.
In particular, the coefficients of B are standard. This theorem also proves that in the interval p0, ǫnq all
quotient minimal log discrepancies are also toric minimal log discrepancies. Hence, Theorem 1 is a direct
consequence of Theorem 3. The main difficulty on proving the above theorem is controlling the equality
mldypY,BY q “ mldxpX,BXq. In general, the minimal log discrepancy can change even if the Galois cover is
an involution. Using [Amb09] and the above theorem, we will obtain the following corollary.
Corollary 2. Let n be a positive integer. There exists a constant ǫn, only depending on n, which satisfies
the following. Let x P pX,Bq be a toric quotient pair of dimension n with m :“ mldxpX,Bq P p0, ǫnq. Then,
the Cartier index of KX ` B, formally at x P X, belongs to a finite set Fpm,nq which only depends on m
and n.
The above Corollary gives a positive answer to a conjecture of Shokurov in the case of small quotient
minimal log discrepancies.
Acknowledgements. The author would like to thanks Alvaro Liendo, Antonio Laface, Florin Ambro, and
Ivan Arzhantsev for many useful comments.
2. Preliminaries
In this section, we recall the preliminaries that will be used in this article: Toric geometry, toric minimal log
discrepancies, and automorphisms of toric varieties. Throughout this article, we work over an algebraically
closed field K of characteristic zero. We denote by Gkm the k-dimensional K-torus. We require Galois
morphisms to be finite and surjective. However, we do not assume Galois morphism to be e´tale. The
rank of a finite group refers to the minimal number of generators. We will use some standard results
about toric geometry [Ful93,CLS11,Cox95], linear algebraic groups [Hum75,Bor91], and the minimal model
program [KM98,BCHM10]
2.1. Toric geometry. In this subsection, we recall some statements about toric geometry, toric blow-ups
and minimal log discrepancies.
Definition 2.1. A toric variety is a normal variety X with an open subset isomorphic to Gnm, so that the
action of Gnm on itself by multiplication extends to all of X . Equivalently, X is a normal variety of dimension
n endowed with an effective actionof the n-dimensional K-torus.
Definition 2.2. Let N be a free finitely generated abelian group and let M “ HompN,Zq be its dual. We
denote by NQ (resp MQ) the associated Q-vector space NQ :“ N bZ Q (resp. MQ :“M bZ Q). Let σ Ă NQ
be a pointed convex polyhedral cone. We denote by σ_ Ă MQ its dual. We write Krσ
_ XM s the monoid
ring of the monoid pσ_,`q. The variety Xσ :“ SpecpKrσ
_XM sq is an affine variety endowed with an action
of SpecpKrM sq » Gnm. We say that Xpσq is an affine toric variety. It is well known that every affine toric
variety arises from the choice of a pointed polyhedral cone in a rational vector space (see, e.g., [CLS11]).
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Definition 2.3. A fan of cones Σ on NQ is a finite set of pointed convex polyhedral cones in NQ satisfying
the following conditions:
‚ If σ P Σ and τ 6 σ is a face, then τ P Σ,
‚ If σ, σ1 P Σ, then σ X σ1 P Σ is a face of both σ and σ1.
Given a fan of cones Σ onNQ, we can construct a toric variety as follows: For each cone σ P Σ, we can consider
the affine toric variety Xpσq. If τ 6 σ is a face, then Xpτq Ă Xpσq is an open Gnm-invariant subvariety.
For each two cones σ, σ1 P Σ, we can glue the affine toric varieties Xpσq and Xpσ1q along Xpσ1 X σq. This
process gives us a toric variety which we denote XpΣq and call it the toric variety associated to the fan Σ in
NQ. It is well known that every toric variety arises from the choice of a fan in a rational vector space (see,
e.g., [CLS11]).
Notation 2.4. Given a variety X , we may endow it with different structures of toric variety. For instance,
if X is toric, any maximal torus of Aut0pXq will give X the structure of a toric variety. Although, all such
different structures differ by automorphisms of X . To avoid ambiguity, given a toric variety X we will denote
by TX a fixed torus acting on it, i.e., we will fix a choice of a maximal torus of Aut
0pXq. We will say that a
morphism from (or to) X is toric if it is toric with respect to TX . For instance, in the case of an affine toric
variety X , fixing TX is equivalent to fixing a choice of σ in a rational Q-vector space NQ.
Definition 2.5. Let X be an affine variety and x P X be a closed point. We write X “ SpecpRq and
m Ă R for the maximal ideal of x. We denote by pXx the local completion of X at x, i.e., the spectrum of
the completion of the localization of R at m.
Let x P X be a closed point on an algebraic variety. We say that X is formally toric at x if there exists
an affine toric variety T so that pXx » pTt, where x0 P X0 is a torus invariant point. Let B be an effective
divisor on X through x. We say that pX,Bq is a formally toric pair if the above isomorphism identifies B
with a toric boundary of T .
2.2. Cox rings. In this subsection, we recall the Cox ring of a toric variety.
Definition 2.6. Let X be an algebraic variety which is irreducible, normal, with only constant invertible
functions, and finitely generated Class group. We define its Cox ring to be
CoxpXq :“
à
rDsPClpXq
H0pX,OXpDqq.
If the Cox ring is finitely generated over K, then we say that X is a Mori dream space.
Definition 2.7. We say that a fan Σ in NQ is degenerate if the support of the fan is not contained in a
proper Q-linear subspace of NQ. Otherwise, we say that Σ is non-degenerate. The fan in NQ is degenerate if
and only if XpΣq splits as XpΣ1q ˆ T for some torus T. If XpΣq is defined by a non-degenerate fan Σ, then
XpΣq has only constant invertible functions.
The following proposition is well-known, see e.g., [HK00].
Proposition 2.8. A Mori dream space X is a toric variety if and only if its Cox rings is a polynomial ring.
Definition 2.9. The spectrum of the Cox ring is called the total coordinate space, and is usually denoted
by X¯. Note that X¯ admits an action of the characteristic quasi-torus TClpXq :“ SpecpKrClpXqsq. We can
reconstruct X as the quotient of a big open subset Xˆ Ă X¯ by the characteristic quasi-torus action TClpXq. In
the case that X is affine, then we have that Xˆ “ X¯ (see, e.g., [ADHL15, 1.6.3.4]. Thus, any n-dimensional
affine toric variety is isomorphic to the quotient of Aρ`n by the characteristic quasi-torus TClpXq. Here, ρ is
the Picard rank of the affine toric variety.
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Remark 2.10. From now on, when we say that x P X is an affine toric variety, we mean that X is an affine
toric variety defined by a non-degenerate pointed polyhedral cone σ Ă NQ and x is the unique closed fixed
point.
2.3. Automorphisms of toric varieties. In this subsection, we will prove some statements about auto-
morphisms of toric varieties. Some of the lemmas proved in this subsection are well-known, we give a short
argument for the sake of completeness (see, e.g., [AB13,ADHL15,SMS19]). In many cases, we prove them
in a slightly more general setting.
Definition 2.11. Let X be an affine variety and x P X a closed point. We denote its automorphism group
by AutpX, xq, i.e., the subgroup of AutpXq which fixes x. If x P X is clear form the context, we may omit
it in the notation and just write pX . The group Autp pX, xq is the group of automorphisms of the germ that
fix x.
Remark 2.12. In general, the groups AutpX, xq and Autp pX, xq are not algebraic groups. This phenomenon
makes it hard to work with finite subgroups of both of them. In the case of Autp pX, xq, we know that it
contains a Levi subgroup, i.e., a maximal reductive automorphism group (see. e.g., [HM89]). Any algebraic
reductive subgroup of Autp pX, xq is contained in the Levi subgroup up to conjugation. In particular, for an
affine toric variety x P X , the image of TX in Autp pX, xq is contained in the Levi subgroup up to conjugation.
In this article, instead of working directly with this Levi subgroup, we will find a special linear algebraic
subgroup of AutpX, xq containing our finite group.
Definition 2.13. Let G be an algebraic group acting on a variety X and x P X be a fixed point. Let H
be an algebraic group acting on a variety Y and y P Y be a fixed point. We say that the action of G on
X around x is formally equivalent to the action of H on Y around y, if the following condition is satisfied:
There is a group isomorphism φ : G Ñ H and an isomorphism f : pXx Ñ pYy which is equivariant, i.e., the
relation fg “ φpgqf holds.
Lemma 2.14. Let X be a smooth toric variety and let Z be a smooth variety. Let π1 and π2 be the canonical
projections of XˆZ. Then, the homomorphism ClpXqˆClpZq Ñ ClpXˆZq given by pL1, L2q ÞÑ π
˚
1L1bπ
˚
2L2
is an isomorphism.
Proof. Let H1, . . . , Hk be the torus invariant divisors of X . For each i, we let H¯i be the pull-back of Hi to
X ˆ Z. The injectivity of the above homomorphism follows by intersecting with closed fibers of π1 and π2.
Let D be a prime divisor on X ˆ Z. If D is vertical over Z, then it is the pull-back of a divisor on Z. On
the other hand, if D dominates Z, then we can write D „Z
řk
i“1 niH¯i. Thus, the above homomorphism is
surjective. 
Lemma 2.15. Let x P X be an affine toric variety. Let G 6 AutpX, xq be a connected linear subgroup. Let
τ P G. Then, τ acts trivially on ClpX, xq.
Proof. Let H1, . . . , Hk be the torus invariant divisors of X . We set Z :“ G
0pX, xq. Note that Z is a
smooth algebraic variety. Let φ : X ˆ Z Ñ X ˆ Z be the universal automorphism, i.e., the morphism given
by px, τq ÞÑ pτpxq, τq. Note that every automorphism of X fixes the singular locus. Then, the universal
automorphism induces an automorphism φ : Xsm ˆ Z Ñ Xsm ˆ Z. By Lemma 2.14, we have that
φ˚π˚2OXsmpHiq » π
˚
1L1 b π
˚
2L2,
for certain line bundles L1 on X
sm and L2 on Z. Restricting the above isomorphism to X
sm ˆ tidu and
Xsm ˆ tτu, we conclude that OXsmpHiq » L1 and τ
˚OXsmpHiq » L1 » OXsmpHiq. Thus, we have that
τ˚OXsmpHiq » OXsmpHiq. Since the OXsmpHiq generate ClpX, xq, we conclude that τ acts as the identity
on ClpX, xq. 
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Definition 2.16. Let x P X be an affine toric variety and x its unique fixed point. Write X “ SpecpRq.
Let f P AutpX, xq be an automorphism. We say that f˜ P AutpAρ`n, 0q is a lifting of f to the Cox ring, if f˜
normalizes the characteristic quasi-torus and the automorphism that f˜ induces on
R “ Krx1, . . . , xρ`ns
ClpXq
equals f .
Lemma 2.17. Let x P X be an affine toric variety and let Aρ`n be its Cox ring. Let f P AutpX, xq and
f˜ P AutpAρ`n, 0q a lifting. Then, the action of f˜ on TClpXq by conjugation is induced by the action of f
˚ on
ClpXq. In particular, if f˚ acts trivially on ClpXq, then f˜ commutes with the characteristic quasi-torus.
Proof. Let h P Krx1, . . . , xρ`ns » CoxpXq be a homogeneous element of degree w “ rDs P ClpXq. An
element χw of the characteristic quasi-torus TClpXq acts on h by t ¨ h “ ht “ χ
wptqh. On the other hand, we
have that
pf˜ tf˜´1q ¨ h “ t ¨ phf˜qf˜´1 “ χdegphgqptqh “ χg
˚pwqptqh.
This equality proves the lemma. 
Now, we turn to prove some propositions about lifting automorphisms of an affine toric variety to its Cox
ring.
Proposition 2.18. Let x P X be an affine toric variety. Let G 6 AutpX, xq be a reductive subgroup. Then,
there is an exact sequence
1Ñ TClpXq Ñ rGÑ GÑ 1.
where rG is a reductive subgroup of AutpAρ`n, 0q
Proof. First, we proceed to lift the connected component G0 of G. Note that G0 is a connected linear
algebraic reductive group.
Let G10 Ñ G0 be the lifting of G0 to AutpA
ρ`nq constructed in [ADHL15, 4.2.3.1.]. We have an exact
sequence
1Ñ F Ñ G10 Ñ G0 Ñ 1,
where F is a finite group. Furthermore, F is the intersection of G10 with the Picard quasi-torus (see,
e.g., [AG10, Theorem 5.1]). Since G0 is connected, by Lemma 2.15, we conclude that it acts trivially on
the characteristic quasi-torus. By Lemma 2.17, we conclude that G10 commutes with the characteristic
quasi-torus TClpXq.
We claim that G10 is actually a subgroup of AutpA
ρ`n, 0q. Let g1 P G10 be the lifting of g P G0. Since g
1
commutes with the characteristic torus, then g1p0q is a characteristic quasi-torus invariant point. If 0 P Aρ`n
is the only TClpXq invariant point, then we are done. Otherwise, we can write A
ρ`n » Aρ`n´k ˆ Ak, where
k ě 1 and TClpXq acts trivially on A
k. In this case X » Y ˆAk. Since g fix the origin of Ak, then the same
holds for the g1. We conclude that G10 6 AutpA
ρ`n, 0q.
Let rG0 the subgroup of AutpAρ`n, 0q generated by TClpXq and G10. We claim that rG0 is a linear algebraic
group. Indeed, since G10 and TClpXq commute in AutpA
ρ`n, 0q, we conclude that there is a homomorphism
TClpXq ˆG
1
0 Ñ AutpA
ρ`n, 0q
given by pt, gq ÞÑ tg. The image of this homomorphism equals rG0. Furthermore, the kernel of such epimor-
phism is F 6 TClpXq ˆG
1
0. Thus
rG0 is the quotient of a connected linear algebraic group by a finite group.
We conclude that rG0 is a connected linear algebraic group.
We claim that rG0 is reductive. Let U 6 rG0 be a smooth connected unipotent normal subgroup. Since
the torus contains no unipotent element, we conclude that U XTClpXq “ teu. Thus, the image of U in G0 is
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a smooth connected unipotent normal subgroup. Since G0 is reductive, we conclude that the image of U in
G0 is trivial, hence U is trivial.
Now, we proceed to lift G to rG 6 AutpAρ`n, 0q. By [AG10, Theorem 5.1], we have an exact sequence
1Ñ TClpXq Ñ ĄAutpAρ`nq Ñ AutpXq Ñ 1,
where ĄAutpAρ`nq is the subgroup of AutpAρ`nq which normalizes the characteristic quasi-torus. We consider
the projection homomorphism π : AutpAρ`nq Ñ AutpXq. Note that π´1pG0q “ rG0. We let rG to be the
pre-image of G 6 AutpX, xq on ĄAutpAρ`nq. Note that rG normalizes the characteristic quasi-torus. Hence,
we conclude that rG 6 AutpAρ`n, 0q. On the other hand, we have an exact sequence
1Ñ rG0 Ñ rGÑ F 1 Ñ 1,
where F 1 is a finite group. We conclude that the induced representation on rG is faithful. Hence rG is a linear
algebraic group. Since rG0 is reductive, we conclude that rG is reductive as well. 
It is known that the automorphism group of an affine toric variety is not an algebraic group. Indeed, it
may not be of finite type over K. Now, we turn to prove that inside the automorphism group of an affine
toric variety x P X , there is an special linear algebraic group GpX, xq. The action of any reductive group G
can be realized as the action of a subgroup of GpX, xq up to formal equivalence of group actions.
Definition 2.19. Let x P X be an affine toric variety. Let Aρ`n its total coordinate space and TClpXq
the characteristic quasi-torus acting on the total coordinate space. We have a natural embedding TClpXq 6
GLρ`npKq. Let N “ NTClpXqpGLρ`npKqq be the normalizer of the characteristic quasi-torus. We define
GpX, xq “ N{TClpXq. Note that GpX, xq is a subgroup of AutpX, xq. On the other hand, GpX, xq is a linear
algebraic group by construction. We say that GpX, xq is the group of linear automorphisms of the affine
toric variety. Indeed, GpX, xq is exactly the group of automorphisms which lift to linear automorphisms on
the Cox ring. We will denote by G0pX, xq its connected component.
Denote by TCoxpXq a maximal torus of Aρ`n which we may assume is embedded in GLρ`npKq. Note that
TCoxpXq 6 N . Furthermore, the image of TCoxpXq on AutpX, xq coincides with TX . Hence, we have that
TX 6 GpX, xq. In particular, we have that TX 6 G
0pX, xq. Note that, if x P X is the affine space, then
GpX, xq is simply GLnpKq.
Lemma 2.20. Let x P X be an affine toric variety. Let G 6 AutpX, xq be a reductive subgroup. Up to
formal equivalence of group actions, we may assume that
G 6 GpX, xq 6 AutpX, xq.
Proof. By Proposition 2.18, we may lift the action of G on pX, xq to rG on pAρ`n, 0q. The group rG is
reductive, hence by Luna’s slice theorem, the action of rG on the local completion of Aρ`n is equivalent to
the action of a reductive subgroup of GLρ`npKq. Thus, we have a commutative diagram:
(2.1) rG ýpAρ`n, 0q //
{TClpXq

rG ýpAρ`n0 – //
{TClpXq

pAρ`n0 ý rG1
{TClpXq

pAρ`n, 0q ý rG1oo
{TClpXq

G ýpX, xq // G ýpXx – // pXx ý G1 pX, xq ý G1oo
Here, rG1 6 GLρ`npKq is a subgroup normalizing the characteristic quasi-torus TClpXq 6 GLρ`npKq. The
middle isomorphisms are equivariant with respect to the reductive group actions. Furthermore, rG » rG1 and
G » G1. We conclude that G1 6 GpX, xq 6 AutpX, xq. This proves the lemma. 
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Remark 2.21. Let x P X be an affine toric variety and G 6 AutpX, xq be a finite subgroup. Lemma 2.20
says that, if we want to study the action of G formally around the point x P X , then we can always assume
the existence of a linear algebraic group G 6 GpX, xq 6 AutpX, xq so that G0pX, xq > TX . This Lemma
is a natural generalization of the fact that in order to study quotient singularities, we can assume that the
acting group holds G 6 GLnpKq (see, e.g., [Kol13, 3.2]). Another advantage of Lemma 2.20 is that it allows
us to keep working with affine automorphisms, instead of considering germ automorphisms. Furthermore,
GpX, xq will naturally contain some automorphisms of pX, xq. Note that the construction of GpX, xq only
depends on the affine variety x P X . The next step is to understand the discrete group GpX, xq{G0pX, xq
using the geometry of the affine toric variety X .
Definition 2.22. Let X and X 1 be two toric varieties with character spaces M andM 1 respectively. In this
case, we consider TX “ TM and TX1 “ TM 1 . An outer toric morphism is a pair pf, τq where f : X Ñ X
1 is a
morphism and τ : TX Ñ TX1 is a group morphism so that fpλ ¨xq “ τpλq ¨fpxq for all x P X and λ P TX . We
say that an outer toric morphism is an outer toric automorphism if f and τ are isomorphisms. We say that
an outer toric automorphism is a toric automorphism if τ is the identity. We denote by AutoutpXq the group
of outer toric automorphisms of X . In particular, we have that TX 6 AutoutpXq, where n is the dimension
of X .
Definition 2.23. Let X be a toric variety and Σ Ă NQ be its defining fan. Let τ : M Ñ M be an
automorphism of the characters lattice M . Then, we have an induced transpose automorphism τ˚ : NQ Ñ
NQ. We denote by AutΣpMq the subgroup of automorphisms ofM for which τ
˚σ P Σ for every σ P Σ. Then,
every element of AutΣpMq induces an element of AutoutpMq. Note that we have a natural monomorphism
AutΣpMq Ñ AutoutpXq. In Lemma 2.24, we will see that AutoutpXq is essentially the subgroup of AutpTXq
which extends to AutpX, xq and AutΣpMq X TX “ teu.
Lemma 2.24. Let X be a toric variety of dimension n with defining fan Σ. We have an exact sequence
1Ñ TX Ñ AutoutpXq Ñ AutΣpMq Ñ 1.
Proof. It is clear that TX is a normal subgroup of AutoutpXq. Note that every element of AutoutpXq induces
an automorphism of TX 6 X . The image of the restriction homomorphism AutoutpXq Ñ AutpTXq equals
AutΣpMq. Two elements of AutoutpXq restrict to the same automorphism of the torus if and only if they
differ by an element of TX . 
Remark 2.25. Let X be an affine toric variety and x P X its unique closed point. The group AutoutpXq is
contained in GpX, xq, where GpX, xq is as in Definition 2.19. Indeed, both TX and AutΣpMq are contained
in GpX, xq. The former, since TCoxpXq 6 N . The latter, since AutΣpMq lifts to the Cox ring as a subgroup
of Sρ`n acting on the set of variables x1, . . . , xρ`n that normalizes the characteristic quasi-torus.
Moreover, the group AutoutpXq is reductive. Although, it may not be connected. In any case, we have a
sequence of subgroups
TX 6 AutoutpXq 6 GpX, xq 6 AutpX, xq.
Lemma 2.26. Let G be a linear algebraic group and T 6 G be a maximal torus. For any f P G, we can
find f0 P G
0 and τ P AutpTq so that the automorphism f¯ “ f0f , holds that
(2.2) f¯ t “ τptqf¯
for every t P T.
Proof. Let f be an element of G. f induces an automorphism φ on G0 by the conjugation g ÞÑ fgf´1. The
torus φpTq is a maximal torus of G0, hence f0φpTqf
´1
0 “ T for some element f0 P G
0. Define f¯ “ f0f . Note
that
TÑ fTf´1 Ñ f0fTf
´1f´10 “ T
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is an automorphism of the torus which we denote by τ . Let t P T be an element of the torus. Then, we have
that
τptqf¯ “ f0ftf
´1f´10 f0f “ f0ft “ f¯ t.

Proposition 2.27. Let x P X be an affine toric variety. Then, there is a surjective homomorphism
AutΣpMq Ñ GpX, xq{G
0pX, xq.
Proof. Note that we have a homomorphisms
AutoutpXq{TX Ñ AutoutpXq{pAutoutpXq XG
0pX, xqq Ñ GpX, xq{G0pX, xq.
We claim that this composition is surjective. Let f P GpX, xq. Let f0 P GpX, xq be the element constructed
in Lemma 2.26 and f¯ “ f0f . Then, there exists an automorphism τ of TX so that
f¯ t “ τptqf¯
for every element t P TX . Hence, f¯ P AutoutpXq. We conclude that the image of f¯ and f on GpX, xq{G
0pX, xq
are the same. Hence, the above composition is surjective. By Lemma 2.24, we conclude that there is a
surjective homomorphism
AutΣpMq Ñ GpX, xq{G
0pX, xq.

The above Proposition allows us to prove the following Lemma about the discrete groupGpX, xq{G0pX, xq.
Lemma 2.28. Let x P X be a n-dimensional affine toric variety. Then, there exists a constant kpnq, only
depending on n, satisfying the following. Every element of the group GpX, xq{G0pX, xq has order at most
kpnq.
Proof. We know that GpX, xq{G0pX, xq is a finite group, so any element has finite order. By Proposition 2.27,
we know that AutΣpMq Ñ GpX, xq{G
0pX, xq is a epimorphism. Let g P GpX, xq{G0pX, xq and g˜ P AutΣpMq
an element mapping to g. Note that g˜ has finite order. Indeed, we have a monomorphism AutΣpMq Ñ S|Σp1q|
given by associating to an element of AutΣpMq the corresponding permutation of Σp1q. Then, g˜ is a finite
order element of AutΣpMq 6 AutpMq » GLnpZq. In particular, the order of g˜ is bounded by a function kpnq
on n. We conclude that the order of g is bounded by a function kpnq on n. This proves the Lemma. 
We finish this subsection on automorphisms of affine toric varieties, by studying finite automorphisms
which lifts as the identity on the exceptional divisor of a toric blow-up.
Proposition 2.29. Let x P X be a n-dimensional affine toric variety and Y Ñ X be a projective birational
toric morphism extracts a divisor E over x. Let G 6 AutpX, xq be a finite subgroup. Assume that Y Ñ X is
G-equivariant and G fixes point-wise an exceptional divisor E Ă Y . Then, up to conjugation, we have that
G 6 T0 6 TX 6 Autp pX, xq,
where T0 6 TX is a one-dimensional sub-torus.
Proof. We claim that G is cyclic group. Indeed, let e P E be a smooth point. Then, G has a faithful
representation in TeE fixing a hyperplane pointwise (see, e.g., [FZ05, Lemma 2.6.(b)]). We conclude that G
is either cyclic.
By Lemma 2.20, we may assume that G is a subgroup of the linear algebraic group GpX, xq. We denote
by G1pX, xq the subgroup of GpX, xq corresponding to elements which lift to Y , i.e., elements which preserve
the ideal defining the blow-up. Then, G1pX, xq is a linear algebraic group. Let G2pX, xq 6 G1pX, xq be the
subgroup generated by elements which restrict to the identity on E. Since E is a projective toric variety, we
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can find a finite number of points e1, . . . , ek so that an automorphism of E is the identity if and only if it
fixes such points. Then, G2pX, xq equals the subgroup of G1pX, xq which fixes the points e1, . . . , ek P Y . In
particular, G2pX, xq is a linear algebraic group. Note that G 6 G2pX, xq.
We claim that G2pX, xq contains a one-dimensional torus. Since Y Ñ X is a toric morphism, then we
have that TX acts on Y and fixes the divisor E. The torus TE of E has dimension n ´ 1. Hence, the
surjective homomorphism TX Ñ TE , induced by the restriction to E, has kernel a one-dimensional torus
T0. Note that T0 acts trivially on E. Hence, T0 is contained in the connected component of G
2pX, xq. By
dimension reasons, a maximal torus of the connected component of G2pX, xq is at most one dimensional.
Indeed, the dimension of the acting torus is at most the codimension of the fixed point set. Thus, T0 is a
maximal torus of the connected component of G2pX, xq.
We claim that G2pX, xq is connected. We denote by G20pX, xq its connected component. Let f P G
2pX, xq
be any element. By Lemma 2.26, we know that there exists f0 P G
2
0pX, xq so that f¯ “ f0f satisfies
f¯ t “ τptqf¯
for an automorphism τ of T0. We show that for every point y P Y , we have that
(2.3) T0 ¨ f¯pyq X T0 ¨ y ‰ H.
Let y P Y be a point outside E. Let
y0 “ T0 ¨ y X E and y1 “ T0 ¨ f¯pyq X E.
Then, we have that
y0 “ f¯py0q “ lim
tÑ0
f¯pt ¨ yq “ lim
tÑ0
τptq ¨ f¯pyq “ y1.
This shows the non-emptyness of equation (2.3) and that τptq “ t. In particular, if there is a T0-orbit closure
which is disjoint from all other T0-orbit closures, then we have that f¯ fixes such T0-orbit closure.
Let UY Ă Y be the complement of all the torus invariant divisors of Y except E. Then UY » G
n´1
m ˆA
1
and T0 acts on UY by multiplication on the last coordinate. In particular, all orbit closures of T0 on UY are
disjoint. By equation (2.3), we conclude that on UY , the automorphism f¯ fixes the T0-orbits. Hence, f¯ is
an automorphism of the torus which extends to Y . Thus, f¯ is an element of AutoutpXq. We conclude that
f¯ is an automorphism of Gnm, that extends to G
n´1
m ˆ A
1 and acts trivially on Gn´1m ˆ t0u. In coordinates
px1, . . . , xnq of G
n´1
m ˆ A
1, we have that
f¯px1, . . . , xnq “ px1, . . . , xn´1, λx
αxnq.
Here, xα is a monomial on x1, . . . , xn´1 and λ is a constant. By Lemma 2.24, we conclude that a finite
power of f¯ belongs to TX . Thus, we have that x
α “ 1 and f¯ P TX . Furthermore, the only elements of the
torus which fix E pointwise are those in T0. Hence, we conclude that f¯ P T0 6 G
2
0pX, xq. Thus, for any
element f P G2pX, xq, we can find f¯ P G20pX, xq and f0 P G
2
0pX, xq, so that f “ f
´1
0 f¯ . This proves that
G20pX, xq “ G
2pX, xq. Hence, G2pX, x0q is a connected linear algebraic group.
Since G is a finite cyclic group, then it is generated by a semisimple element, so it conjugates inside the
maximal torus T0. 
2.4. Kawamata log terminal singularities. In this subsection, we recall the definition of Kawamata log
terminal singularities and recall that toric singularities are klt.
Definition 2.30. A log pair consist of pX,Bq where X is a normal variety and B is an effective Q-divisor
on X so that KX `B is a Q-Cartier Q-divisor.
Definition 2.31. Let X be a normal variety. A divisor over X is a prime divisor E Ă Y , where Y Ñ X is
a projective birational morphism from a normal variety.
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Let pX,Bq be a log pair and E be a divisor over X . We define the log discrepancy of pX,Bq at E to be
aEpX,Bq :“ coeffEpKY ´ π
˚pKX `Bqq
where as usual, we pick KY so that π˚KY “ KX . The definition of the log discrepancy does not depend on
the model Y .
A log resolution of a log pair pX,Bq is a projective birational morphism π : Y Ñ X , with purely divisorial
exceptional locus, so that
‚ Y is a smooth variety, and
‚ the π´1˚ ∆` Expπqred has simple normal crossing.
By Hironaka’s resolution of singularities, we know that any log pair admits a log resolution.
The log discrepancies of a log pair allow us to measure the singularities of the pair.
Definition 2.32. A pair pX,∆q is said to be Kawamata log terminal (or klt for short) if all its log discrep-
ancies are positive, i.e., aEpX,∆q ą 0 for every prime divisor E over X . It is known that a pair pX,∆q is
klt if and only if all the log discrepancies corresponding to prime divisors on a log resolution of pX,∆q are
positive (see, e.g., [KM98])
The following result says that toric singularities whose boundary has coefficients less than one has klt
singularities (see, e.g., [Amb06]).
Proposition 2.33. Let pX,Bq be a toric pair so that tBu “ 0. Then pX,Bq has Kawamata log terminal
singularities.
2.5. Finite quotients. In this subsection, we recall the formula to compute log discrepancies of divisorial
valuations over quotients of klt singularities.
Definition 2.34. Let pX,Bq be a log pair. We denote by AutpX,Bq the subgroup of AutpXq consisting of
elements f P AutpXq for which f˚B “ B. Note that f doesn’t need to fix each prime component of B, but
at least it must permute prime components with the same coefficient.
The following proposition is the Riemann-Hurwitz formula applied to pairs (see, e.g., [Sho92, 2.1]).
Proposition 2.35. Let f : X Ñ Y be a finite morphism and pY,BY q be a log pair on Y . Write BY “řk
i“1 diDi for its prime decomposition. Then, we can write
f˚
˜
KY `
kÿ
i“1
diDi
¸
“ KX `
kÿ
i“1
ÿ
fpEjq“Di
p1´ rjp1´ diqqEj ,
where rj is the ramification index of f at Ej.
The following proposition follows from Proposition 2.35, see [Mor20a, Proposition 2.18] for the details of
the proof.
Proposition 2.36. Let pX,Bq be a log pair and G 6 AutpX,Bq be a finite subgroup. Let p : X Ñ Y :“ X{G
be the quotient morphism. Then, we can find a boundary BY on Y so that p
˚pKY `BY q “ KX `B.
Definition 2.37. Let pX,Bq be a log pair and G 6 AutpX,Bq be a finite subgroup. The pair pY,BY q
induced in the quotient in Proposition 2.36 is called the log quotient of the pair pX,Bq with respect to the
action of G.
Definition 2.38. Let x P X be an affine toric variety. Let G 6 AutpX, xq be a finite subgroup. The
log quotient y P pY,BY q of x P X by G is called a toric quotient singularity. For instance, every quotient
singularity is a toric quotient singularity.
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Proposition 2.39. Let pX,Bq be a toric variety and F 6 TX be a finite subgroup. Let pY,BY q be the
log quotient of pX,Bq by F . Then pY,BY q is a toric pair with respect to the torus action of TY “ TX{F .
Furthermore, if pX,Bq is formally toric at x, then pY,BY q is formally toric at y.
Proof. We can write X “ SpecpKrxm1 , . . . , xmk sq, where xm1 , . . . , xmk are monomials in the variables
x1, . . . , xn. The boundary B is defined by the vanishing set of the variables xi’s. The finite action of F de-
fines a grading of Krxm1 , . . . , xmk s into a finite abelian group. The ring of invariants Krxm1 , . . . , xmksF
is isomorphic to Krxm
1
1 , . . . , xm
1
k s, where the xm
1
i ’s are monomials on the xmi ’s. In particular, Y :“
SpecpKrxm
1
1 , . . . , xm
1
k sq is a monomial ring in the variables x1, . . . , xn. We conclude that Y is a toric variety
with respect to the torus action of TY “ TX{F . It is clear that the push-forward of B to Y is defined by
the vanishing set of the variables xi’s. Hence, BY is a toric boundary on Y .
For the second statement, the same argument works after replacing brackets with double brackets. 
Proposition 2.40. Let pX,Bq be a G-invariant pair and pY,BY q its log quotient. Let E be a G-invariant
divisorial valuation over X and EY the induced divisorial valuation on Y . Then, we have that
aEY pY,BY q “
aEpX,Bq
r
,
where r is the ramification index of the quotient morphism at E. In particular, r ď |G|.
The following proposition is well-known, see e.g., [dFD16, Proposition 6.2].
Proposition 2.41. Let pX,Bq be a toric pair with tBu “ 0. Let E be a prime divisor over X. Asume that
aEpX,Bq ă 1. Then, E is a toric divisorial valuation over X. In particular, there exists a projective toric
birational morphism Y Ñ X which only extracts E.
Proposition 2.42. Let x P X be an affine toric variety. Let F 6 AutpX, xq be a finite subgroup. Let E be a
divisor over X with center x P X. Assume that aEpX, xq “ a ă 1. Then, there exists a projective birational
F -equivariant toric morphism Y Ñ X, so that
(1) E is extracted on Y , and
(2) the F -orbit of E on Y is the exceptional locus of Y Ñ X.
In particular, aE1pX, xq “ a for each prime exceptional divisor E
1 on Y over X.
Proof. Let x1 P pX 1,∆1q be the quotient of x P X by F . Note that pX 1,∆1q is a klt pair. Let E1 be
the valuation induced on x1 P X 1 by E. By Proposition 2.40, we know that aE1pX
1,∆1q ă 1. Hence,
by [BCHM10], there exists a projective birational morphism Y 1 Ñ X 1 which only extracts E1 over x1. Let
Y be the normalization of the main component of Y 1 ˆX1 X . Then, the projective birational morphism
Y Ñ X is F -equivariant. We have that E is a divisor on Y . By construction, the F -orbit of E on Y is
the exceptional locus. Hence, aE1pX, xq “ a ă 1 for each prime exceptional divisor E
1 on Y over X . Thus,
Y Ñ X is a projective birational morphism only extracting non-terminal valuations from a toric singularity.
We conclude that Y Ñ X is a toric morphism. 
3. Geometric Jordan property for affine toric varieties
In this section, we prove a geometric Jordan property for affine toric varieties.
Proof of Theorem 2. Let X0 be an affine toric variety and x0 its unique fixed point. Let G be a finite
subgroup of AutpX0, x0q. By [BFMS20], we know that there exists a normal abelian subgroup A 6 G of
rank at most n and index at most cpnq. Here, cpnq is a constant only depending on n “ dimpXq. It suffices
to find a bounded subgroup of A whose image on Autp pX0, x0q is contained in a maximal torus.
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By Lemma 2.20, we may find a formally equivalent model A ýpX, xq of A ýpX0, x0q so that A 6
GpX, xq 6 AutpX, xq. Here, GpX, xq is a linear algebraic group whose connected component contains a
maximal torus of X . Recall that since both actions are formally equivalent, we have that
A ýAutp pX, xq » Autp pX0, x0q ý A.
Thus, if we prove an statement for Autp pX, xq, then the analogous statement will hold for the formal com-
pletion of X0 at x0. From now on, we will work on the affine toric variety x P X and consider the groups
A 6 GpX, xq 6 AutpX, xq. We denote by G0pX, xq the connected component of GpX, xq.
By Lemma 2.28, we know that there exists a constant kpnq, only depending on the dimension n, so that
any element of GpX, xq{G0pX, xq has order at most kpnq. Consider the subgroup
Akpnq! :“ txkpnq! | x P Au 6 A.
The image of every element of Akpnq! in GpX, xq{G0pX, xq is the identity. Hence, we conclude that Akpnq! is
contained in G0pX, xq. Note that the index of Akpnq! in A is bounded by kpnq!n. Replacing A with Akpnq!,
we may assume that A 6 G0pX, xq. By Lemma 2.15, we may assume that A acts as the identity on the
characteristic group ClpXq.
By Proposition 2.18, we have an exact sequence
(3.1) 1Ñ TClpXq Ñ rGpX, xq Ñ G0pX, xq Ñ 1.
Let a1, . . . , ak be the generators of A and a˜1, . . . , a˜k P AutpA
ρ`n, 0q be liftings to Aρ`n which lie in rGpX, xq.
We know that each a˜i commutes with the characteristic quasi-torus. Let A˜ be the pre-image of A in rGpX, xq.
Note that A˜ is a reductive group generated by TClpXq and the a˜i’s. By the diagram (2.1), we can assume
that a˜1, . . . , a˜k are elements of GLρ`npKq.
We can write TClpXq » G
ρ
m ˆ ACl0pXq. Let t P TClpXq be either a generator of G
ρ
m or of ACl0pXq. Then,
we can write
t ¨ px1, . . . , xρ`nq “ pt
w1x1, . . . , t
wρ`nxρ`nq,
for certain integers w1, . . . , wρ`n. Up to reordering x1, . . . , xρ`n, we may assume that
w1 “ ¨ ¨ ¨ “ ws1 ă ws1`1 “ ¨ ¨ ¨ “ ws2 ă ¨ ¨ ¨ ă wsl´1`1 “ ¨ ¨ ¨ “ wsl ,
where ps1, . . . , slq is a partition of ρ ` n. Note that a˜i commutes with t if and only if the corresponding
element of GLρ`npKq is a diagonal square block matrix of size ps1, . . . , slq. Thus, each generator of TClpXq
gives a partition of ρ`n. We replace ps1, . . . , slq with the coarsest partition which refine all such partitions.
We consider the torus Td :“ G
l
m acting diagonally on each set of variables of the partition, i.e.,
pt1, . . . , tlq ¨ px1, . . . , xρ`nq “ pt1x1, . . . , t1xs1 , t2xs1`1, . . . , t2xs2 , . . . , tlxslq.
The partition ps1, . . . , slq satisfies that every element a˜i P GLρ`npKq is a diagonal square block matrix of
size ps1, . . . , slq and TClpXq 6 Td. Note that
řl
j“1psj ´ 1q ď n. Indeed, we have that
n “ dimpXq “ dimpAρ`n{TClpXqq ě dimpA
ρ`n{Tdq ě
lÿ
j“1
psj ´ 1q “: s.
We conclude that A˜ 6
Àl
j“1GLsj pKq with
řl
j“1psj ´ 1q ď n. Note that A˜ may not be a finite group.
However, by the exact sequence (3.1), we have that its image
(3.2) A˜P 6
là
j“1
PGLsj pKq
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is a finite abelian subgroup of rank at most n. Note that the group on (3.2) is only supported on those sj
which are larger than one. Since
řl
j“1psj´1q ď n, we can apply the Jordan property for PGL. We conclude
that there exists a subgroup
H˜P 6 A˜P and f˜P P
là
j“1
PGLsj pKq
so that f˜´1P H˜P f˜P 6 G
s
m, where G
s
m is a maximal torus of the product of projective general linear groups.
Furthermore, the index of H˜P 6 A˜P is bounded by epnq. We denote by
f˜ P
là
j“1
GLsj pKq 6 GLρ`npKq
a lifting of f˜P . Let H˜ be the pre-image of HP on GLρ`npKq. Then, we have that f˜
´1H˜f˜ 6 Gρ`nm , where
H˜ 6 A˜ is a subgroup of index at most epnq. Let f be the image of f˜ in AutpX, xq. Let H be the image of
H˜ in AutpX, xq. Note that H 6 A has index at most epnq and
f´1Hf 6 TX 6 AutpX, xq
factors through a maximal torus of the affine toric variety. Since H is a subgroup of A, then its rank is at
most n as claimed. Then, we have that
f´1Hf 6 TX 6 Autp pX, xq » Autp pX0, x0q,
where by abuse of notation we are denoting f and H their images in Autp pX, xq. We conclude that the image
of H in Autp rX0, x0q conjugates to a maximal torus. 
Remark 3.1. In the notation of the proof of Theorem 2. If the group G commutes with a subtorus T of
TX , then we can choose f so that it commutes with T as well.
Proof of Corollary 1. Let G be a finite group acting on a projective toric variety X of dimension n. Let
H be an ample G-invariant Cartier divisor on X . For each g P G and f P H0pX,OXpHqq, we have that
g˚f P H0pX,OXpHqq. Hence, G acts on the affine variety
CX :“ Spec
`
‘uě0H
0pX,OXpuHqqχ
u
˘
.
Note that CX is an affine cone singularity and G acts fixing the vertex. We denote the vertex by c. We
denote by T0 the one-dimensional torus action on CX . Since H is a Cartier divisor on a projective toric
variety, we can write H „ TX , where TX is a torus invariant divisor. Note that we are not assuming TX is
G-invariant. Hence,
CX » Spec
`
‘uě0H
0pX,OXpuTXqqχ
u
˘
is an affine toric variety. Thus, G acts on a pn` 1q-dimensional affine toric variety. The torus T0 ˆ TX is a
maximal torus acting on CX . Furthermore, the group G commutes with T0. By Theorem 2, there exists a
constant Npn` 1q, so that G admits a normal abelian subgroup A 6 G of index at most Npn` 1q and
f´1Af 6 T0 ˆ TX 6 Autp pCX , cq.
By remark 3.1, we may assume that f commutes with T0. Thus, f descends to an automorphism fX of X .
We conclude that f´1X AfX 6 TX 6 AutpXq as claimed. 
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4. Small quotient minimal log discrepancies
In this section, we prove the main theorem of this article concerning minimal log discrepancies of toric
quotient singularities.
Proof of Theorem 3. Let x P pX,Bq be a n-dimensional toric quotient pair. By definition, there exists a
Galois morphism πZ : Z Ñ X so that
π˚ZpKX `Bq “ KZ .
Here, Z is an affine toric variety of dimension n. Let z be the pre-image of x in Z. Let G be the subgroup
of AutpZ, zq so that X “ Z{G. By Theorem 2, we know that there exists a normal abelian subgroup A 6 G
with the following properties: A has index at most Npnq, rank at most n, and A ă TX 6 Autp pX, xq. Let
N :“ G{A and Y0 :“ Z{A. Let y0 be the image of z on y0. By Proposition 2.39, we conclude that Y0 is
formally toric at y0. Note that N acts on Y0 and fixes y0. Furthermore, X is the quotient of Y0 by N . We
denote by πY0 : Z Ñ Y0 and πX : Y0 Ñ X the quotient morphisms. By Proposition 2.36, we can find a log
pair structure pY0, BY0q so that
KZ “ π
˚
Y pKY0 `BY0q and KY0 `BY0 “ π
˚
XpKX `Bq.
By Proposition 2.39, we know that the log pair pY0, BY0q is toric with standard coefficients. In particular, it
is a klt pair (Proposition 2.33). By construction, the degree of the morphism Y0 Ñ X is bounded by Npnq.
Indeed, this is an upper bound for the order of N .
Assume that mldxpX,Bq ă Npnq
´1. We may assume that Npnq ą 1 so that Npnq´1. In particular, the
minimal log discrepancy is non-terminal. Let φ : X 1 Ñ X be a projective birational morphism that extracts
a divisor computing the minimal log discrepancy. The existence of this morphism follows from [BCHM10,
Corollary 1.4.3]. Let Y 10 be the normalization of the main component of X
1 ˆX Y0. Then, we have a
commutative diagram as follows
Y 10
φY0

piX1 // X 1
φ

pY0, BY0q
piX // pX,Bq.
Here, the vertical arrows are projective birational morphisms and the horizontal arrows are Galois covers.
Let BX1 be the strict transform of B on X
1 and BY 1
0
be the strict transform of BY0 on Y
1
0 . Let EX1 be the
unique prime exceptional divisor extracted by φ. Let F1, . . . , Fk be the prime exceptional divisors extracted
by φY0 . Note that πX1˚Fi “ EX1 for each i P t1, . . . , ku. We can write
(4.1) KX1 `BX1 ` p1 ´mldxpX,BqqEX1 “ φ
˚pKX `Bq.
By Proposition 2.35 and equality (4.1), we have that
π˚Y0pKY0 `BY0q “ π
˚
X1φ
˚pKX `Bq “ π
˚
X1pKX1 `BX1 ` p1 ´mldxpX,BqqEX1q “(4.2)
KY 1
0
`BY 1
0
`
kÿ
i“1
p1´ rmldxpX,BqqFi.
Here, r is the ramification index of Y 10 Ñ X
1 at the generic point of EX1 . The last equality in (4.2), follows
from the formula of log discrepancies under finite quotients (Proposition 2.40). Since the morphism Y 10 Ñ X
1
has degree at most N , we conclude that r ď N . We conclude that aFipY,BY q ă 1 for each i P t1, . . . , ku. In
particular, φY0 : Y
1
0 Ñ Y0 is a projective birational morphism which only extracts non-terminal places of the
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toric pair pY0, BY0q. By Proposition 2.41, we conclude that φY0 : Y
1
0 Ñ Y0 is a projective toric morphism.
Let N0 6 N be the maximal normal subgroup which acts on F1 Y ¨ ¨ ¨ Y Fk as the identity. By Propo-
sition 2.29, we know that N0 ă G
n
m ď Autp
pY0, BY0q. Let pY,BY q be the log quotient of pY0, BY0q by N0.
By Proposition 2.39, we know that pY,BY q is a formally toric pair at y. Let N1 :“ N{N0. We have a
commutative diagram as follows:
Y 10
φY0

{N0
// Y 1
φY

{N1
// X 1
φ

pY0, BY0q // pY,BY q // pX,Bq.
Let Gi be the image of Fi on Y
1 for each i P t1, . . . , ku. By construction, we have that the action of N1 on
G1 Y ¨ ¨ ¨ YGk is unramified in codimension one. In particular, the ramification index of Y
1 Ñ X 1 over EX1
is one. Hence, for any i, we have that
aGipY,BY q “ mldxpX,Bq.
We claim that any such Gi computes the minimal log discrepancy of pY,BY q at y. Assume this is not the
case. Then, there exists a prime divisor G1 over Y with center y P Y for which
aGpY,BY q ă aGipY,BY q “ mldxpX,Bq ă 1.
By Proposition 2.42, there exists aN1-equivariant projective birational morphism Y
2 Ñ pY,BY q that extracts
G1 and its exceptional divisor is the N1-orbit of G
1. Let X2 be the quotient of Y 2 by N1. Then, we have a
diagram as follows
Y 2
ψY

{N1
// X2
ψ

pY0, BY0q
{N1
// pX,Bq.
By construction, the projective birational morphism ψ : X2 Ñ X extracts a unique prime divisor EX2 . By
Proposition 2.40, we have that
aEX2 pX,Bq “
aGpY,BY q
r0
.
Here, r0 is the ramification index of Y
2 Ñ X2 at the generic point of EX2 . Since r0 ě 1, we conclude that
aEX2 pX,Bq “
aGpY,BY q
r0
ă aGpY,BY q ă mldxpX,Bq.
Note that EX2 is a prime divisor whose image on X equals x. Hence, the strict inequality aEX2 pX,Bq ă
mldxpX,Bq gives us a contradiction. We conclude that
mldypY,BY q “ aGipY,BY q “ aEX1 pX,Bq “ mldxpX,Bq.
Note that the affine toric variety pY,BY q together with the Galois morphisms Z Ñ Y Ñ X satisfies all the
conditions of the theorem. This concludes the proof. 
Proof of Theorem 1. Let G ă GLnpKq be a finite subgroup and X :“ K
n{G. Let Q 6 G be the normal
subgroup generated by quasi-reflections. We let G0 :“ G{Q. By Chevalley-Shepard-Todd Theorem, we know
that Kn{Q » Kn. Furthermore, the action of G0 in K
n is unramified in codimension one. Hence, we can
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write X » Kn{G0 and π : K
n Ñ X for the quotient morphism. We have that π˚KX “ KKn . Let ǫn as in
the statement of Theorem 1 and consider the set Qmldn X p0, ǫnq. Let
Tmldn :“ tmldtpT q | t P T is a toric singularity and dimpT q “ nu.
By [Amb06], we know that the set Tmldn X p0, ǫnq satisfies the ascending chain condition. Indeed, the set
Tmldn satisfies the ascending chain condition. Note that we have a natural inclusion
TmldnpT q X p0, ǫnq Ă QmldnpT q X p0, ǫnq.
Indeed, every toric minimal log discrepancy is computed by a Q-factorial toric minimal log discrepancy,
which is, in particular, a quotient minimal log discrepancy. By Theorem 1, we know that there are Galois
quotients
Kn Ñ T Ñ X,
so that T is an affine toric singularity and
mldtpT q “ mldxpXq,
where t is the image of t0u P Kn in T . In particular, we conclude that the equality
(4.3) Tmldn X p0, ǫnq “ Qmldn X p0, ǫnq
holds. Hence, the set Qmldn X p0, ǫnq satisfies the ascending chain condition.
Now, we turn to prove the statement about accumulation points. Let Tmldn,S be the set of mldtpT,∆T q
so that pT,∆T q is a n-dimensional toric pair, ∆T has standard coefficients, and t P T is a closed point.
By [Amb06, Theorem 1.(3)], we know that
Acc pTmldnq Ă t0u Y
ď
1ďdďn´1
Tmldd,S .
Here, Acc stands for the accumulation points of the set. Then, by equality 4.3, we obtain that
Acc pQmldn X p0, ǫnqq “ Acc pTmldn X p0, ǫnqq Ă
t0u Y
ď
1ďdďn´1
Tmldd,S X p0, ǫnq Ă t0u Y
ď
1ďdďn´1
Qmldd,S X p0, ǫnq.
This proves the second claim. 
Proof of Corollary 2. Let x P pX,Bq be a toric quotient singularity of dimension n and m “ mldxpX,Bq P
p0, ǫnq. Here, we consider ǫn as in Theorem 3. Then, we can find a formally toric pair pT,BT q and a Galois
quotient T Ñ X so that
‚ mldtpT,∆T q “ mldxpX,Bq where t is the pre-image of x in T , and
‚ the degree of the finite map π : T Ñ X is bounded above by ǫ´1n .
By [Amb09, Theorem 2.1], we can find a constant Ipm,nq, only depending on m and n, so that
Ipm,nqpKT `∆T q „ 0.
We conclude that
degpπqIpm,nqpKX `Bq „ 0,
formally at x P X . Note that degpπqIpm,nq ď Ipm,nqǫ´1n is bounded by a constant which only depends on
m and n. We conclude that the Cartier index of KX ` B, formally at x P X , takes values on a finite set
Fpm,nq which only depends on m and n. 
18 J. MORAGA
References
[AB13] Ivan Arzhantsev and Ivan Bazhov, On orbits of the automorphism group on an affine toric variety, Cent. Eur. J.
Math. 11 (2013), no. 10, 1713–1724, DOI 10.2478/s11533-013-0273-1. MR3080229 Ò5
[Ale93] Valery Alexeev, Two two-dimensional terminations, Duke Math. J. 69 (1993), no. 3, 527–545, DOI 10.1215/S0012-
7094-93-06922-0. MR1208810 Ò1
[ADHL15] Ivan Arzhantsev, Ulrich Derenthal, Ju¨rgen Hausen, and Antonio Laface, Cox rings, Cambridge Studies in Advanced
Mathematics, vol. 144, Cambridge University Press, Cambridge, 2015. MR3307753 Ò2, 4, 5, 6
[AG10] I. V. Arzhantsev and S. A. Ga˘ıfullin, Cox rings, semigroups, and automorphisms of affine varieties, Mat. Sb. 201
(2010), no. 1, 3–24, DOI 10.1070/SM2010v201n01ABEH004063 (Russian, with Russian summary); English transl.,
Sb. Math. 201 (2010), no. 1-2, 1–21. MR2641086 Ò6, 7
[Amb06] Florin Ambro, The set of toric minimal log discrepancies, Cent. Eur. J. Math. 4 (2006), no. 3, 358–370, DOI
10.2478/s11533-006-0013-x. MR2233855 Ò1, 11, 17
[Amb09] , On the classification of toric singularities, Combinatorial aspects of commutative algebra, Contemp. Math.,
vol. 502, Amer. Math. Soc., Providence, RI, 2009, pp. 1–3, DOI 10.1090/conm/502/09852. MR2583269 Ò3, 17
[BCHM10] Caucher Birkar, Paolo Cascini, Christopher D. Hacon, and James McKernan, Existence of minimal models for
varieties of log general type, J. Amer. Math. Soc. 23 (2010), no. 2, 405–468, DOI 10.1090/S0894-0347-09-00649-3.
MR2601039 Ò3, 12, 15
[BFMS20] Lukas Braun, Stefano Filipazzi, Joaqu´ın Moraga, and Roberto Svaldi, The Jordan property for local fundamental
groups, 2020. https://arxiv.org/abs/2006.01253. Ò2, 12
[Bor91] Armand Borel, Linear algebraic groups, 2nd ed., Graduate Texts in Mathematics, vol. 126, Springer-Verlag, New
York, 1991. MR1102012 Ò3
[Bor97] Alexandr Borisov, Minimal discrepancies of toric singularities, Manuscripta Math. 92 (1997), no. 1, 33–45, DOI
10.1007/BF02678179. MR1427666 Ò1
[Bra20] Lukas Braun, The local fundamental group of a Kawamata log terminal singularity is finite, 2020.
https://arxiv.org/abs/2004.00522v1. Ò2
[CLS11] David A. Cox, John B. Little, and Henry K. Schenck, Toric varieties, Graduate Studies in Mathematics, vol. 124,
American Mathematical Society, Providence, RI, 2011. MR2810322 Ò3, 4
[Cox95] David A. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4 (1995), no. 1, 17–50.
MR1299003 Ò3
[dFD16] Tommaso de Fernex and Roi Docampo, Terminal valuations and the Nash problem, Invent. Math. 203 (2016), no. 1,
303–331, DOI 10.1007/s00222-015-0597-5. MR3437873 Ò12
[Ful93] William Fulton, Introduction to toric varieties, Annals of Mathematics Studies, vol. 131, Princeton University Press,
Princeton, NJ, 1993. The William H. Roever Lectures in Geometry. MR1234037 Ò3
[FZ05] Hubert Flenner and Mikhail Zaidenberg, Locally nilpotent derivations on affine surfaces with a C˚-action, Osaka
J. Math. 42 (2005), no. 4, 931–974. MR2196000 Ò9
[HK00] Yi Hu and Sean Keel, Mori dream spaces and GIT, Michigan Math. J. 48 (2000), 331–348, DOI
10.1307/mmj/1030132722. Dedicated to William Fulton on the occasion of his 60th birthday. MR1786494 Ò4
[HLS19] Jingjun Han, Jihao Liu, and Vyacheslav V. Shokurov, ACC for minimal log discrepancies of exceptional singularities
(2019). https://arxiv.org/abs/1903.04338. Ò1
[HM89] Herwig Hauser and Gerd Mu¨ller, Algebraic singularities have maximal reductive automorphism groups, Nagoya
Math. J. 113 (1989), 181–186, DOI 10.1017/S0027763000001343. MR986444 Ò5
[Hum75] James E. Humphreys, Linear algebraic groups, Springer-Verlag, New York-Heidelberg, 1975. Graduate Texts in
Mathematics, No. 21. MR0396773 Ò3
[Jia19] Chen Jiang, A gap theorem for minimal log discrepancies of non-canonical singularities in dimension three, 2019.
https://arxiv.org/abs/1904.09642. Ò1
[Kaw14] Masayuki Kawakita, Discreteness of log discrepancies over log canonical triples on a fixed pair, J. Algebraic Geom.
23 (2014), no. 4, 765–774, DOI 10.1090/S1056-3911-2014-00630-5. MR3263668 Ò1
[KM98] Ja´nos Kolla´r and Shigefumi Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Mathematics,
vol. 134, Cambridge University Press, Cambridge, 1998. With the collaboration of C. H. Clemens and A. Corti;
Translated from the 1998 Japanese original. MR1658959 Ò3, 11
[Kol13] Ja´nos Kolla´r, Singularities of the minimal model program, Cambridge Tracts in Mathematics, vol. 200, Cambridge
University Press, Cambridge, 2013. With a collaboration of Sa´ndor Kova´cs. MR3057950 Ò1, 8
[Liu18] Jihao Liu, Toward the equivalence of the ACC for a-log canonical thresholds and the ACC for minimal log discrep-
ancies, 2018. https://arxiv.org/abs/1809.04839. Ò1
SMALL QUOTIENT MINIMAL LOG DISCREPANCIES 19
[LX19] Jihao Liu and Liudan Xiao, An optimal gap of minimal log discrepancies of threefold non-canonical singularities,
2019. https://arxiv.org/abs/1909.08759. Ò1
[Mal19] Devlin Mallory, Minimal log discrepancies of determinantal varieties via jet schemes, 2019.
https://arxiv.org/abs/1905.05379. Ò1
[Mor18] Joaqu´ın Moraga, On minimal log discrepancies and Kolla´r components, 2018. https://arxiv.org/abs/1810.10137.
Ò1
[Mor20a] , Fano type surfaces with large cyclic automorphisms, 2020. https://arxiv.org/abs/2001.03797. Ò2, 11
[Mor20b] , Kawamata log terminal singularities of full rank, 2020. https://arxiv.org/abs/2001.03797. Ò2
[MN18] Mircea Mustat¸a˘ and Yusuke Nakamura, A boundedness conjecture for minimal log discrepancies on a fixed germ,
Local and global methods in algebraic geometry, Contemp. Math., vol. 712, Amer. Math. Soc., Providence, RI,
2018, pp. 287–306, DOI 10.1090/conm/712/14351. MR3832408 Ò1
[Nak16] Yusuke Nakamura, On minimal log discrepancies on varieties with fixed Gorenstein index, Michigan Math. J. 65
(2016), no. 1, 165–187. MR3466821 Ò1
[Sho91] V.V. Shokurov, A.C.C in codimension two, 1991. (preprint). Ò1
[Sho92] V. V. Shokurov, Three-dimensional log perestroikas, Izv. Ross. Akad. Nauk Ser. Mat. 56 (1992), no. 1, 105–203, DOI
10.1070/IM1993v040n01ABEH001862 (Russian); English transl., Russian Acad. Sci. Izv. Math. 40 (1993), no. 1,
95–202. MR1162635 Ò11
[Sho04] , Letters of a bi-rationalist. V. Minimal log discrepancies and termination of log flips, Tr. Mat. Inst. Steklova
246 (2004), no. Algebr. Geom. Metody, Svyazi i Prilozh., 328–351 (Russian, with Russian summary); English transl.,
Proc. Steklov Inst. Math. 3(246) (2004), 315–336. MR2101303 Ò1
[SMS19] M.T. Sancho, J.P. Moreno, and Carlo Sancho, Automorphism group of a toric variety, 2019.
https://arxiv.org/abs/1809.09070. Ò2, 5
[TX17] Zhiyu Tian and Chenyang Xu, Finiteness of fundamental groups, Compos. Math. 153 (2017), no. 2, 257–273, DOI
10.1112/S0010437X16007867. MR3604863 Ò2
[Xu14] Chenyang Xu, Finiteness of algebraic fundamental groups, Compos. Math. 150 (2014), no. 3, 409–414, DOI
10.1112/S0010437X13007562. MR3187625 Ò2
Department of Mathematics, Princeton University, Fine Hall, Washington Road, Princeton, NJ 08544-1000,
USA
E-mail address: jmoraga@princeton.edu
